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Abstract 

Let TT and A be two set partitions with the same number of blocks. Assume tt is a partition 
of [n]. For any integer l,m > 0, let T(7r, /) be the set of partitions of [n + I] whose restrictions 
to the last n elements are isomorphic to tt, and T{7T,l,m) the subset of T{n,l) consisting of 
those partitions with exactly m blocks. Similarly define T{X,l) and T{XJ,m). We prove that 
if the statistic cr {ne), the number of crossings (nestings) of two edges, coincides on the sets 
T{tt,1) and T{XJ) for I = 0,1, then it coincides on T{'K,l,m) and T{X,l,m) for all /,m > 0. 
These results extend the ones obtained by Klazar on the distribution of crossings and nestings 
for matchings. 

1 Introduction and Statement of Main Result 

In a recent paper [5j, Klazar studied distributions of the numbers of crossings and nestings of two 
edges in (perfect) matchings. All matchings form an infinite tree T rooted at the empty matching 
0, in which the children of a matching M are the matchings obtained from M by adding to M in 
all possible ways a new first edge. Given two matchings M and on [2n], Klazar decided when 
the number of crossings (nestings) have identical distribution on the levels of the two subtrees of 
T rooted at M and N. In the last section of [5j Klazar raised the question as to apply the method 
to other structures besides matchings. In the present paper we consider set partitions, which have 
a natural graphic representation by a set of arcs. We establish the Klazar-type results to the 
distribution of crossings and nestings of two edges in set partitions. 

Our approach follows that of Klazar for matchings [5j, but is not a straightforward generaliza- 
tion. The structure of set partitions is more complicated than that of matchings. For example, 
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partitions of [re] may have different number of blocks, while every matching of [2n] has exactly n 
blocks. To get the results we first defined an infinite tree T{Il) on the set of all set partitions, 
which, when restricted to matchings, is different than the one introduced by Klazar. We state our 
main result in Theorem 1.1, whose proof and applications are given in Sections 2 and 3. Section 
4 is devoted to the enumeration of the crossing/nesting similarity classes. Though the ideas of 
the proofs are similar to those in [5], in many places we have to supply our own argument to fit 
in the different structure, and use a variety of combinatorial structures, in particular, Motzkin 
paths, Charlier diagrams, and binary sequences. We also analyze the joint generating function of 
the statistics cr and ree over partitions rooted at vr, and derive a continued fraction expansion for 
general vr. 

We begin by introducing necessary notations. A (set) partition of [re] = {1,2,..., re} is a 
collection of disjoint nonempty subsets of [re], called blocks, whose union is [re]. A matching of [2re] 
is a partition of [2re] in re two-element blocks, which we also call edges. If a partition vr has k blocks, 
we write [vrl = k. A partition tt is often represented as a graph on the vertex set [re], drawn on a 
horizontal line in the increasing order from left to right, whose edge set consists of arcs connecting 
the elements of each block in numerical order. We write an arc e as a pair with i < j. 

For a partition vr of [re], we say that the arcs (ii, ji) and (i2) J2) form a crossing if ii < 12 < ji < 
j2, and they form a nesting if ii < 12 < 32 < ji- By cr(7r) (resp. ree(7r)), we denote the number of 
crossings (resp. nestings) of vr. The distribution of the statistics cr and ree on matchings has been 
studied in a number of articles, including O [U El [71 [8] , to list a few. The symmetry of cr and ree for 
set partitions was established in [3] . In this paper we investigate the distribution of the statistics 
cr(7r) and ree(7r) over the partitions of [re] with a prefixed restriction to the last k elements. 

Denote by n„ the set of all partitions of [re], and by 11^ ^ the set of partitions of [re] with k 
blocks. For re = 0, Hq contains the empty partition. Let 11 = U^^QHn = ^^=o^k<n'^n,k- We define 
the tree T{Il) of partitions as a rooted tree whose nodes are partitions such that: 

1. The root is the empty partition; 

2. The partition vr of [re + 1] is a child of A, a partition of [n], if and only if the restriction of vr 
on {2, . . . , re + 1} is order- isomorphic to A. 

See Figured] for an illustration of ^(11). 

Observe that if A is a partition of [re] with |A| = k, then A has k + 1 children in T(n). Let 
Bi, . . . , Bk be the blocks of A ordered in increasing order with respect to their minimal elements. 
For a set S, let S + 1 = {a + 1 : a G 5}. We denote the children of A by A*^, A^, . . . , A'^ as follows: 
AO is a partition of [re + 1] with k + 1 blocks, 

AW = {{l},i?i + l,...,i?fc + l}; 

for 1 < i < k, A* is a partition of [re + 1] with k blocks, 

A« = {{1} U (S,; + 1), Bi + 1, . . . , Bi^i + 1, Bi+i + l,...,Bk + 1}. 

For a partition A, let T(A) denote the subtree of ^(11) rooted at A, and let T(A, /) be the set 
of all partitions at the l-th level of T{X). T{X,l,m) is the set of all partitions on the l-th level of 
T(A) with rre blocks. Note that T(A, l,m) ^ ^ if and only ii k < m < k + 1. 

Let G be an abelian group and a, (5 two elements in G. Consider the statistics Safi : 11 — > G 
given by Sq^^(A) = cr(A)a + ne{X)(3. In [5], Klazar defines a tree of matchings and shows that for 
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Figure 1: The tree of partitions T(Il) 

two matchings M and N, if the statistic Sa,i3 coincides at the first two levels of T{M) and T{N) 
then it coincides at all levels, and similarly for the pair of statistics Sa^j^jSp^a- In this article we 
prove that in the tree of partitions defined above, the same results hold. Precisely, 

Theorem 1.1. LetX,-K £ T{IV) be two non-empty partitions, and Sa,piT) he the multiset containing 
{sa^p{t) -.tGT}. We have 

(a) If Sa,i3iT{X,l)) = Sa,f3i'T{TT,l)) for I = 0,1 then 
Sa^p{T{X, I, m)) = Sa,i3{T{TT, I, m)) for all l,m > 0. 

(b) If s,,^(T(A, /)) = s^,„(T(7r, /)) for 1 = 0,1 then 
Sa,/3{T{X, I, m)) = Sf3^a{1'{'^, ^)) for all l,m > 0. 

In other words, if the statistic s^^p coincides on the first two levels of the trees T{X) and T{ti) 
then it coincides on T{X,l,m) and T{7r,l,m) on all levels, and similarly for the pair of statistics 

Note that the conditions of Theorem 1.1 imply that A and tt have the same number of blocks. 
But they are not necessarily partitions of the same [n] . 

At the end of the introduction we would like to point out the major difi^erences between the 
structure of crossing and nesting of set partitions and that of matchings. 

1. The tree of partitions ^(11) and the tree of matchings are different. In T(n), children of a 
partition vr is obtained by adding a new vertex, instead of adding a first edge. Hence Klazar's 
tree of matchings is not a sub-poset of T(Il). The definition of ^(11) allows us to define the 
analogous operators Ra,/3,i, as in [5l §2]. Since some descendants of vr are obtained by adding 
isolated points, we need to introduce an extra operator M, (see Definition 2.2), and supply 
some new arguments to work with our structure and M. 
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2. The type of a matching is encoded by a Dyck path, while for set partitions, the corresponding 
structure is restricted bicolored Motzkin paths(RBM), (c.f. Section 3). 

3. The enumeration of crossing/nesting similarity classes is different. A crossing-similarity class 
is determined by a value cr{M) (cr(7r)) and a composition (ai, 02, . . . , a^) of n. For matchings 
cr(M) can be any integer between and 1 + 02 + 203 + • • • + (m — l)am- But for partitions 
the possible value of cr(7r) depends only on m, but not aj's. 

In matchings there is a bijection between the set of nesting sequences of matchings of [2n] 
and the set of Dyck paths T>{n). There is no analogous result between set partitions and 
restricted bicolored Motzkin paths. 

4. For matchings every nesting-similarity class is a subset of a crossing-similarity class. This is 
not true for set partitions. 

2 Proof of Theorem 11.11 

Throughout this article we will generally adapt Klazar's notation on multisets. Formally a multiset 
is a pair {A,m), where ^ is a set, called the underlying set, and m : yl — > N is a mapping that 
determines the multiplicities of the elements of A. We often write multisets by repeating the 
elements according to their multiplicities. 

For a map / : X — > y and Z d X, let f{Z) denote the multiset whose underlying set is 
{/(z) : z € Z} and in which each element y appears with multiplicity equal to the cardinality of 
the set {z : z ^ Z and f[z) = y}. S{X) denotes the set of all finite multisets with elements in the 
set X. Any function f : X ^ S{Y) naturally extends to / : S{X) S{Y) by /(Z) = U^gz{/(^)}> 
where |J is union of multisets (the multiplicities of elements are added). 

For each hi = miniJj of A define Ui{X) to be the number of edges (p, (?) such that p < bi < q 
and Vi{X) to be the number of edges {p, q) such that p < q < bi. They satisfy the obvious recursive 
relations 

«.(A°) 
Ui{X^) 



for j = 1, . . . ,k, where k = \X\ > 



(2.1) 
(2.2) 



if i = 1 

Ui-i{X) if2<i<A; + l 

if i = 1 

Vi-i{X) if2<i<A; + l 

if i = 1 

Ui_i(A) + l if2<i<j (2.3) 
Ui{X) ifj + l<i<k 

if i = 1 

t;,_i(A) if2<i<i (2.4) 
Vi{^) + '^ ifi + l<f<A; 

1. For the statistics Sa,f3 : 11 ^ G defined by Sa,p{X) = 
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cr{X)a + ne{X)(3, we have that 

•Sq,/3(A°) = Sa,/3(A^) = Sa,/3(A), 

SaA^^) = Sa,/3(A) + Uj{X)a + Uj(A)/3, j > 1. 

For simpHcity, we will write A*-' for (A*)-'. 
Lemma 2.1. For |A| > 1, 



(2.5) 
(2.6) 



and for i > 1, 



V/3(A°^)) 



Sq,/3(A) i/j = 0, 1 



(2.7) 



(2. 



SaA>^') + Sa,/3(A^-^) - S,,^(Al) + « 2 < j < i 

.Sa,/3(A0 + Sa,/3(AJ^) - Sc,A>^^) +P if j > i + I- 

Proof. We first show (j2.8p . The first line in (j2.8|) follows directly from (j2.5p . For the other two, 

Sa,/3(A'^') = S«,/3(V) + Uj{X')a + Vj{X')(5 

_ UaA^') + Mj-i(A)a + a + Vj_i{X)(3 if 2 < j < i 
~ 1 s„,/3(A0 + nj(A)a + fj(A)/3 + /3 if j > i + 1 



, ^(A*) + SaA^- 



,^(Ai) + a if2<i< 



Sa,/3(V) + Sa,/3(A^) - S,,/3(Al) + /? if J > i + 1. 



The first and third equality follow from (j2.6p and the second one follows from (|2.3p and (j2.4p . 
Similarly, ([IZD follows from dH]), ([22]), ([23]), and ([MD. □ 

To each partition A with k blocks, {k > 1), we associate a sequence 

SeqaA^) ■= Sa,/3(A^)Sa,/3(A^) . . . Sa,/3{X'') 

The sequence seqa^/3{X) encodes the information about the distribution of s^^^ on the children of 
A in T(n), in which Sa,/3(A^) plays a special role when we analyze the change of seqa^fsiX) below . 
This is due to the fact that Sa^piX^) carries information about A and two children of A, namely. A" 
and A^. 

For an abelian group G, let G^* denote the set of finite sequences of length I over G, and 
G* = U;>iG;*. If u = xiX2 . . . Xk G G* and y £ G, then we use the convention that the sequence 
(xi +y){x2 + y)... (xk + y) is denoted by xiX2 ...Xk + y. 

Definition 2.2. For a,(] e G and i > 1, define Ra,i3,i ■ GJ —>■ GJ, {i < I) by setting 

Ra,l3,i{xiX2 ■ ..Xl) = Xi{xi . . . + (Xj - Xi + a))(xj+i . . . Xl + {Xi - Xi + /?)) 

and Ra,i3 : G* S{G*) by setting 

Ra,t3{xiX2 ...Xi) = {Ra,f3,i{xiX2 . . . Xi) : I < i < 1} . 

In addition, define M : G* ^ G* by setting 

M(xiX2 . . . Xl) = X1X1X2 ■ . .Xl- 
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Lemma |2 . 1 1 immediately implies that 



seqa,i3{X ) = M{seqa,i3{X)), 



for 1 < i < |A|. 



For I > 0, let Ea^p{X,l,m) = {seqa^p{^x) : /u G T(A,/,m)}, the multiset of sequences seqa^pdj,) 
associated to partitions fi £ T{X,l,m). Then for / > 1, 



Next, we define an auxiliary function / which reflects the change of the statistic Sa,i3 along T(Ii). 
Then we prove two general properties of / and use these properties to prove Theorem ll.li For an 
integer r > and 7 G G, the function f : G* ^ S{G) is defined by 

/^(xiX2 ... X/) := {Xai + Xaa H h Xa, - (r - l)xi + 7 : 1 < Oi < 02 < • • • < < /} 

In particular. 



Lemma 2.3. Let X,Y e S{G*) be two multisets such that f!^{X) = fl^iY) for every r > and 
7 G G. Then 



for every r > and j £ G. 

Proof, (a) The elements in /^(M(X)) have the form ya^ + + • • • + ya,- — {r — l)yi + 7 for some 
2/12/2 . . . yi+i G M{X), where yiy2 ■ ■ ■ yi+i = xixiX2 ■ ■ - xi for some X1X2 . . .xi £ X. For r = 0, 



f°{M{X)) = {2/1 + 7 : 2/12/2 . . . yi+i G M{X)} = {xi + 7 : X1X2 . . . xz G X} = f^{X). 
Hence f^{X) = implies f^{M{X)) = f^{M{Y)). 



EaAX, I, m) = RaAEaA^'^ ^ - 1' "i)) U M(E„,/3(A, l-l,m- 1)). 



(2.9) 



/o(xiX2 ...Xl)= {Xi}, 
/o(xiX2 . . .X,) = {X2, . . . ,xj. 



(a) f;mX)) = f;{M{Y)), 

(h) f;{RaAx)) = f;iRaAy)) 

(c) f;{RaAx)) = mAY)) 




and 



B = {2/ai + 2/a2 + 



+ 2/a. 



(r 



1)2/1 + 7 : 2/12/2 • • • yi+i G M(X), ai > 2}. 



The elements of A can be written as 



2/ai + 2/a2 H ^ 2/, 



(r - 1)7/1 + 7 = 2:1 + 2/a2 H ^Var- {r - l)xi + 7 

= 2/a2 H ^yar-{r- 2)xi + 7 

= Xa2-1 H h Xa,-1 - (r - 2)xi + 7. 
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Since 02 — l>ai — 1 = 1, the multiset A is equal to ^(^)- The elements in B can be written as 

yai+ya2-\ H Var - [f - 1)^1 + 7 = ^^^ai-l + ^^aa-l H ^ a^a,-l - (r - l)xi + 7. 

Since oi > 3, the indices on the right-hand side run through all the increasing r-tuples 1 < ai — 1 < 
a2 — I < ■ ■ ■ < ttr — 1 < I. Therefore, B is equal to fJ^{X). So, 

/;(M(x)) = u f;{x). (2.10) 

By assumption we have 

/;(M(x)) = f;-\x) u r^{x) = f;-\Y) u = /;(M(y)). 

(c) We will prove only (c) because the proof of (b) is similar and easier. Since fj{X) is a translation 
of /q^X) by 7, it is enough to prove the result for 7 = only. The elements of fQ{Ra^p{X)) have 

the form + 2/02 H H - (r - 1)2/1, where 1/12/2 • • • y« e Ra^piX) is equal to Xi(xi . . . Xi-i + 

Xi — xi + a)(xj+i . . . X/ + Xj — xi + /?) for some X1X2 . . . x/ S X and i € [/]. 
For < t < r, let 

Ct,aA^) = {Vai + H ^ Var - {r - 1)^1 : 

2/12/2 • • • 2// e -Ra,/3,i(-'^) and at < i < at+i, for some i G [/]}. 
An element 2/01+2/02"^ \- Var - {r - 1)2/1 G Ct^^^_a(X) is equal to 

Xai-l H Xat-1 + t{xi - Xl + a) + Xa^+i H h Xq^ + (r - t) (xj - Xl + /?) - (r - l)xi 

= Xai-lH Xat_l + Xj + Xat+1 H h Xa^ - rxi + to + (r - t)/?. (2.11) 

Again, we consider two cases, according to the value of ai. By (j2.1ip . the submultiset of Ct^a,fi{X) 
for oi > 2 is equal to fl^^^j._-i.-^p{X), and for oi = 2 the corresponding submultiset is equal to 
/to+(,_t)^(^)- Therefore, 

Similarly, 

CtMY) = U fhHr^t).iy)- (2-13) 

So, 

r 

foiRo^A^)) = U Ct,aAx) 

r r 

= U fta+{r^t)^(^) U IJ /;„+(^_t)^(X) 
t=0 i=0 
r r 

= U /to+V-t)/?^^) ^ U /to+(r-t)/3(^) 
t=0 t=0 

r r 

(y) u U /(' 

t=0 t=0 
r 

= U CtMY) 
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The second and fifth equahty follow from (j2.12p and (j2.13p respectively. The third equality follows 
from the assumption of the lemma, while the fourth equality is just a reordering of the unions. □ 

Lemma 2.4. If X,Y G S{G*) are one-element sets such that f^{X) = f^{Y) and f^{X) = f^(Y), 
then fIf{X) = fI^{Y) for every r > and 7 G G. 

Proof. We need to prove that ii u,v G G* are two sequences beginning with the same term and 
having equal numbers of occurrences of each g £ G, then /^(u) = fJ^{v) for every r > and 
7 G G. It suffices to prove the statement for 7 = 0, because fJ^{u) is a translation of fQ{u) by 
7. Let u = U1...U1 and v = vi...vi. Since ui = vi, it suffices to prove that the multisets 

{Ua^ + Uaa H \- Ua^ : 1 < Ui < a2 < ■ ■ ■ < Or < 1} and {Vai +Va2-\ h f : 1 < Oi < 02 < • • • < 

Gr < 1} are equal. That is clear because {u2, ■ ■ ■ , ui} and {v2, . . . ,vi} are equal as multisets. □ 

Proof of Theorem \1.1\ . We prove (b), the proof of (a) is similar. First, we prove by induction 
on I that 

f;{E^A\ ^)) = fyiEpA^, I, m)) for every r > and 7 G G. (2.14) 
Before we proceed with the induction, it is useful to observe that the assumption 

s«,^(T(A, /)) = s^,«(T(7r, /)) for / = 0, 1 
of Theorem (jl.ip (b) is equivalent to 

•So,/3('?'(A, m)) = sis^ai^iT^, I, "m)) for / = 0, 1 and k < m < k + I, (2.15) 
where /c = |A|. One direction is clear, the other one follows from the following equations. 

SaA'^iX, 1, k + 1)) = Sa,/3(r(A, 0, k)) = So,^p{T{\ 0)), 

s„,^(T(A, 1, k)) = SaA'^iX, l))\s«,/3(T(A, 0)), 

where \ is the difference of multisets. For the same reason the assumption of part (a) is equivalent 
to 

Sa,i3{T{X, /, m)) = Sa,i3iT{TT, I, m)) for / = 0, 1 and k < m < k + I. 

Now we show (fmi) . For / = we need to show f:^{E^^p{X,Q,k)) = /^(S^,„(7r, 0, fc)). By 
Lemma Eai we only need to check that f^{X) = f^{Y) and f]{X) = fl{Y) for X = {seg„,;3(A)} 
and Y = {seg/3^a(7r)}. This follows from (j2.15p . because foiX) = Sa,i3{T{X,0, k)) and /d(Ar) = 
•Sa,/3C?'(A,1,A:)). 

Suppose fI^{Ea^f3{X, s,m)) = fI^{Ep^a{'^-,s,rn)) for all < s < / and all m. Then using (j2.9p . 
the induction hypothesis, and Lemma 12.31 we have 

f;{E^,p{X, I, m)) = f;{RaAEaA>^^ ^ - ^^^))) U /;(M(£;„,^(A, / - 1, m - 1))) 
= f;{Rf3,a{Ep,a{7T, I " 1, m))) U /;(M(S^,,(^, I - l,m - 1))) 
= f^{Ep,a{-n-,l,m)), 

and the induction is completed. This proves (I2.14p . Now 

Sa,/3C?'(A,/,m)) = f^{Ea^p{X,l,m)) = f^{Ep^a{TT,l,m)) = s^^„(T(7r, /, m)). 

□ 
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3 Applications and Examples 



As a direct corollary, we obtain a result of Kasraoui and Zeng [U Eq.(1.6)]. 

Corollary 3.1. The joint distribution of crossings and nestings of partitions is symmetric i.e. 

vrGlIn 7rgn„ 

Proof. Let G = (Z © Z,+),a = (1,0) and /3 = (0, 1). The result follows from the second part of 
Theorem O for A = vr = {{!}}. □ 

For a partition A we say that two edges form an alignment if they neither form a crossing nor 
a nesting. The total number of alignments in A is denoted by al{\). A stronger result of Kasraoui 
and Zeng [4l, Eq. (1.4)] can also be derived from Theorem ll.il 

Corollary 3.2. 

pCr(7r)^ne(7r)^a«(7r) _ ^ne{-K) ^cr {-w) ^al(Tv) 

Treiin 7ren„ 

Proof. Again we use G = (Z©Z, +), a = (1,0), (3 = (0,1), and A = tt = {{1}}. Any partition 
G Yin with k blocks has n — k edges. Hence cr(/x) + ne{fi) + al{ij,) = {"'2^). The result follows 
from the second part of Theorem II. 1[ □ 

Corollary 3.3. Let A and tt be two partitions of [n] with same number of blocks k. If the statistic 
al is equidistributed on the first two levels ofT{X) and T{'n), it is equidistributed on T{\,l,m) and 
T(7r, I, m) for all l,m >0. 

Proof. Again we use the identity cr(/i) + ne{fi) + aZ(;u) = ("2^), which holds for any partition 
/i G Yin with k blocks. Moreover, al{X) = al{X^). Therefore the condition that the statistic al 
is equidistributed on the first two levels of T(A) and T{tt) implies that the statistic or + ne is 
equidistributed on T(X,l,m) and T(TT,l,m) for all / = 0, 1 and all m. In other words, if we set 
G = Z and a = (3 = 1 then the the assumption of Theorem 11.11 is satisfied, and hence cr + ne 
is equidistributed on T{X,l,m) and T(TT,l,m) for all l,m > 0. This, in return, implies that al is 
equidistributed on T(A, /, m) and T(7r, /, m) for all l,m > 0. □ 

Example 3.4. Let X = {{1,2, 5}, {3, 4}} and vr = {{1, 2, 4}, {3, 5}}. There are as many partitions 
on [n] with m crossings and I nestings which restricted to the last five points form a partition 
isomorphic to A as there are partitions of [n] with I crossings and m nestings which restricted to 
the last five points form a partition isomorphic to vr. 

Proof. Set G = (Z © Z, +), a = (1, 0) and /3 = (0, 1), Safi = (cr, ne). The claim follows from part 
(b) of Theorem O since Sa,f){X) = (0,1) = S/3,c.(vr) and Sa,/3(T(A, 1)) = {(0, 1), (0, 1), (1, 2)} = 
s/3,«(r(7r,l)) , , , ^ 

Example 3.5. Lei A = {{1, 7}, {2, 6}, {3, 4}, {5, 8}} and vr = {{1, 8}, {2, 4}, {3, 6}, {5, 7}}. There 
are as many partitions on [n] with m crossings and I nestings which restricted to the last eight 
points form a partition isomorphic to X as there are ones which restricted to the last eight points 
form a partition isomorphic to vr. 
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Proof. Again set G = (Z © Z, +), a = (1, 0) and f3 = (0, 1). Then Sa,i3 = (cr, ne). The claim follows 
from part (a) of Theorem 11.11 since 

■Sa,/3(A) = (2,3) = Sa,l3{TT) 

and 

s„,^(r(A, 1)) = {(2, 3), (2, 3), (3, 3), (4, 3), (4, 4)} = s^,p{T{7T, 1)). 

□ 

4 Number of Crossing and Nesting-similarity Classes 

In this section we consider equivalence relations ~cr and 

set partitions m the same way 

Klazar defines them on matchings [5] . We determine the number of crossing-similarity classes in 
Iln,k- For ~ne) we find a recurrence relation for the number of nesting-similarity classes in n„ fc, 
and compute the total number of such classes in XI^. 

Define an equivalence relation on n„: A ~cr tt if and only if cr(T(A, /, m)) = cr(T(7r, /, m)) 
for all l,m > 0. The relation partitions Iln,k into equivalence classes. Theorem 11.11 implies 
that A ~cr 71" if and only if cr(A) = cr(7r) and fQ{seqifi{X)) = /q (segi^o(''i"))- Define crseq{X) = 
seqifi{X) — cr(A). For the upcoming computations it is useful to observe that A ~cr tt if and only if 
cr(A) = cr(7r) and /q (crseg(A)) = /q (crseg(7r)), i.e., A and vr are equivalent if and only if they have 
the same number of crossings and their sequences crseq{\) and crseq{iT) are equal as multisets. 
Denote the multiset consisting of the elements of crseq{X) by crset{\). 

Similarly, define A 

'^ne. ^ ^f and only if ti€-(^'^ (^\^ ?7x)) — tT/C^'T^^tt, tti)) for all /, Tn ^ 0. Again, 
from Theorem 11.11 we have that A ~„e if and only if ne(A) = ne(7r) and /(j(sego,i(A)) = 
/o (sego,i('?'"))- Since the sequence sego,i(A) is nondecreasing, A ~„e tt if and only if ne(A) = ne^n) 
and sego,i(A) — ne(A) = sego,i(7r) — ne(7r). With the notation at the beginning of Section O 
sego,i(A) — ne(A) = . . . Wfc. Denote this sequence by neseq{X). 

A Motzkin path M = (si,...,Sn) is a path from (0,0) to (n,0) consisting of steps G 
{(1, 1), (1, 0), (1, — 1)} which does not go below the x-axis. We say that the step Sj is of height 
/ if its left endpoint is at the line y = I. A restricted bicolored Motzkin path is a Motzkin path with 
each horizontal step colored red or blue which does not have a blue horizontal step of height 0. We 
will denote the steps (1,1), (1,-1), red (1,0), and blue (1,0) by NE (northeast), SE (southeast), 
RE (red east), and BE (blue east) respectively. The set of all restricted bicolored Motzkin paths 
of length n is denoted by RBMn. A Charlier diagram of length n is a pair h = (M, ^) where 
M = (si, . . . , Sn) G RBMn and ^ = (^i, . . . , ^„) is a sequence of integers such that = 1 if Si is a 
NE or RE step, and 1 < < Hf Sj is a SE or BE step of height I. will denote the set of Charlier 
diagrams of length n. 

It is well known that partitions are in one-to-one correspondence with Charlier diagrams. Here 
we use two maps described in [4j, which are based on similar constructions in [31 HOj. For our 
purpose, we reformulate the maps '■ F„ — > n„ as follows. Given (M,^) £ Tn, construct 

A G n„ step by step. The path M = (si, . . . , s„) determines the type of A: i £ [n] is 

- a minimal but not a maximal element of a block of A (opener) if and only if Sj is a NE step; 

- a maximal but not a minimal element of a block of A (closer) if and only if Sj is a SE step; 
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- both a minimal and a maximal element of a bock of A (singleton) if and only if Sj is a RE 
step; 

- neither a minimal nor a maximal element of a block of A (transient) if and only if Si is a BE 
step. 

To draw the edges in <I>j.((M, ^)), we process the closers and transients one by one from left to 
right. Each time we connect the vertex i that we are processing to the ^j-th available opener or 
transient to the left of i, where the openers and transients are ranked from right to left. If we rank 
the openers and transients from left to right, we get ^i{{M,(^)). It can be readily checked that $r 
and <I>; are well defined. Moreover: 

Proposition 4.1. The maps ^r,^i ■ — *■ n„ are bijections. 

The proof can be found in [3l H] and their references. 
Example 4.2. If{M,$^) is the Charlier diagram in Figure\^ then 

$,((M, e)) = {{1, 7, 10}, {2, 4, 6, 8}, {3}, {5, 9}, {11, 12}} 
0) = {{1, 4, 6, 7, 9}, {2, 10}, {3}, {5, 8}, {11, 12}} 



blue blue 




i 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


6 


1 


1 


1 


1 


1 


2 


3 


2 


2 


1 


1 


1 



Figure 2: A Charlier diagram 

For M E RBMn let di be the number of NE and RE steps that start at height {i > 0). 
The profile of M is the sequence pr{M) = {do, . . . ,di), where / = max{i : di ^ 0}. Note that this 
implies that di > 1 for each i = 0, . . . , /, and that the path M is of height / or / + 1. The semi-type 
of M = (si, . . . , Si) is the sequence st{M) = (ei, . . . , e„) where ej = if Si is a NE or RE step, and 
ej = 1 if Si is a SE or BE step. For example, if M is the path in Figure [21 then pr{M) = (2, 1, 2), 
and st{M) = (0, 0, 0, 1, 0, 1, 1, 1, 1, 1,0, 1). 

Let A G n„ and ^'^{X) = (M,^^), ^>;~^(A) = (M,^')- Define 99(A) = M G RBM^. Note that 
for a given A, vj(A) can be easily constructed using the four steps above. The next lemma gives the 
relation between a partition and its corresponding restricted bicolored Motzkin path and Charlier 
diagram. 

Lemma 4.3. Let ^r, o-nd (p be the maps defined above and^-^{\) = {M,C), '^T^W = (M,^'). 
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(a) The number of blocks of A is equal to the total number of NE and RE steps of M . 



(b) cr(A) = Er=i (a - 1). ^e(A) = ELi fe' " !)• 

(c) pr{M) = (do, ■ ■ ■ ,di) if and only if crset{\) = {0'^°, . . . 



(d) neseq{X) = vi...Vk if and only if the zeros in st{M) = (ei,...,en) are in the positions 
vi + l,V2 + 2,. ..,Vk + k. 

Proof, (a) The result follows from the fact that the number of blocks of A is equal to the total 
number of openers and singletons. 

(b) Denote by E be the set of arcs of A. For e = (i, j) G E let Ce = £E: i<p<j< q}\. 
Then cr(A) = YleeE'^e- Similarly, if Ue = \{{p,q) £ E : p < i < j < q}\, then ne(A) = Y^e&E'^e- 
From the definitions of and it follows that C(jj) = — 1 and = — 1. Hence the claim. 

(c) Using the notation at the beginning of Section O we have crseq{\) = {ui, . . . , u^), where Ui 
is the number of edges {p,q) such that p < bi < q. Here bi = mini^j, that is, 6j is the i-th opener 
or singleton from left to right. But the step in M which corresponds to bi is of height h if and only 
if Ui = h. 

(d) It follows directly from the definitions of neseq{X) and st{M). □ 
A composition of k is an ordered tuple (do, . . . ,di) of positive integers whose sum is k. 

Lemma 4.4. Let I > 0, k > 1, and n> k. 

(a) If X £ ^n,k o,f^d crset{X) = {0'^'\ . . . ,1'^^}, then (do, . . . ,di) is a composition of k into I + 1 
parts, where I < n — k, and < cr(A) < (n — k — 1)1 — 

(b) Given a composition (do, ■ ■ ■ ,di) of k into l + l<n — k + 1 parts and an integer c such that 
< c < (n — fc — 1)/— '^^2^^ there exists X £ Iln,k with crset{X) = {0''°, . . . ,/'^'} and cr{X) = c. 

Proof, (a) It is clear that do + • • • + d; = A;. It follows that all the dj's are positive from part (c) of 
Lemma 14.31 Moreover, A has at least / openers and, therefore, at least I closers. So, k + 1 < n, i.e., 
l + l<n — k + 1. Let Ci (respectively ti) be the number of SE (respectively BE) steps at level i, 
1 < i < / + 1. Then X^iii (^i + ^i) = n — k and Ci > 1, 1 < i < I. Using part (b) of Lemma 14.3^ we 
have < cr(A) < Y.Li (1 + 0)(i - 1) + (n - A: - /)/ = (n - A; - 1)/ - 

(b) Suppose first that / + 1 < n — A;. Let M S RBMn consist of do — 1 RE steps followed 
by a NE step, then di — 1 RE steps followed by one NE step, etc., d; — 1 RE steps followed by 
a NE step, then n — A; — / — 1 BE steps, and / + 1 SE steps. It is not hard to see that indeed 
M G RBMn- The path never crosses the x-axis and all the BE steps, if any, are at hight l + l > 1. 
Also pr{M) = (do, . . . , di). Consider all the sequences = ('^i, . . . , Cn) such that (M, ^) is a Charlier 
diagram. Then 



1 < 6 < ^ + 1 

1 < in-i+l < i 



k+l<i<n-l-l 
l<i<l + l. 



l<i< k 



(4.1) 



12 



Hence 



< ^ - 1) < (n - - Z - 1)/ + / + (/ - 1) + • • • + 1 = (n - A: - 1)/ - (4.2) 

1=1 



In the case I = n — k, construct M G RBM^ similarly: do — 1 R-E steps followed by a NE step, then 
di — 1 RE steps followed by one NE step, etc., di RE steps, followed by I SE steps. (Note that, 
unlike in the case I < n — k, the path M is of height I) All the sequences ^ = (^i, . . . , Cn) such that 
(M, ^) is a Charlier diagram satisfy the following properties: 

= 1, l<i<k 
1 < Cn-i+l < 1 < i < (4.3) 

Hence 

0<X;(e.-l) <(^-l) + ••• + ! = (n- A.- 1)/-^^^. (4.4) 



i=l 



Because of (|4.2p (respectively (|4.4p ). for any integer c between and (n — k — 1)1 — , ^ can be 
chosen to satisfy the conditions (j4.ip (respectively (j4.3p ) and such that X^"^]^ (Ci — 1) = c. Since $ 
is a bijection, there is A € H^ ^ such that ^{X) = (M, ^) and, by part (b) and (c) of Lemma [^3} 
cr(A) = c and crset(A) = {0'^°, . .. □ 

Theorem 4.5. Lei n > /c > 1 and m = min{n — k,k — 1} . Then 

\IinM/ -cr\=Y.( I ][{n-k-l)l-^^ + l]. (4.5) 

/n particular, if n > 2k — 1, 

|n„,fc/ ~cr| = (n - - 1)(A: - l)2'=-2 + 2'=-i - (k - 1)(A; - 2)2'="^ (4.6) 

Proof. Recall that A ~cr if and only if cr(A) = cr(7r) and crset{X) = crset{7r). Therefore, 
\^n,k/ ^cr I = \{{crset{X),cr{X)) : X S n„^fc}|. Using Lemma and the fact that the number of 
compositions of k into I + 1 parts, < / < /c — 1, is ('^7^)' derive (I4.5p . In particular, when 
n>2k-l, 

|n„,fc/ ~cr I = ^ j[(n-A;-l)/-^^ + l]. 
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But 



= (/fc- 1)2^-2, 



/=0 ^ ^ ^ ^ 



= (A; - 1)(A; - 2)(1 + xf-%^=i = {k - l){k - 2)2^-^, 
and (HISl) follows. □ 



Theorem 4.5 implies that there are many more examples of different partitions A and vr for 
which the statistic cr has same distribution on the the levels of T(A) and T(tt). For example, 

\^2kA > {2k - 1)!! ^V2{'^f while \Il2k,k/ ~cr| ~ ^k''2^-\ 

Next we analyze the number of nesting-similarity classes. First we derive a recurrence for the 
numbers fn,k = \^n,k/ ~ne I- 
Theorem 4.6. Let n > k > 1. Then 

fn,l = 1, (4.7) 

fn,k= E fr,k~i + {k-l)r ^ J, k>2. (4.8) 

Proof. Equation (j4.7p is clear since |n„^i| = 1. 
Recall that A 

^ if and only if ?T/c(A) — 7ic(7r) and TieseQ{\^ — TieseQ^iT^. By Lemma 1^. 3[ 
fn,k is equal to the number of pairs (e, c) such that there exists A G Iln,k with ne(A) = c and 
sf((^(A)) = e. It is not hard to see that for a given a sequence e = (ei, . . . , €«) S {0, 1}", there exists 
A S n„^fc such that st{ip{\)) = e if and only if e has k zeros and ei = 0. Denote the set of all such 
sequences by 5^ ^ and denote the set of all e G {0, 1}" with k zeros by S'n^fc- 

For a sequence e G S^^fc define a bicolored Motzkin path M = M(e) = (si, . . . , s„) as follows. 
For i from n to 1 do: 

- If ej = and Sj is not defined yet, then set Si to be a RE step; 

- If ej = 1 and there is j < i such that ej = and Sj is not defined yet, then set Si to be a SE 
step and sjq to be a NE step, where jo = min{j : = and sj is not defined yet}; 

- If ej = 1 and there is no j < z such that ej = and sj has not been defined yet, set Sj to be 
a BE step. 

Note that we build M backwards, from (n,0) to (0,0). Let hi be the height of Si and ne(e) = 
^(/ij — 1), where the sum is over all the indices i such that Ci = 1. For example, if e = 
(0,0,0,1,0,1,1,1,1,1,0,1), then 

M(e) = {NE, NE, NE, BE, NE, BE, BE, SE, SE, SE, RE, SE). 
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The sequence of the heights of aU the steps of M is (0, 1, 2, 3, 3, 4, 4, 4, 3,2,1, 1) and ne(e) = (3 — 
1) + (4 - 1) + (4 - 1) + (4 - 1) + (3 - 1) + (2 - 1) + (1 - 1) = 14. 

Although clearly M[e) stays above the x-axis, it is not necessarily a restricted bicolored Motzkin 
path. The reason is that any 1 in e before the first zero would produce a BE step on the x-axis. 
Hence, M(e) G RBMn if and only if ei = 0, or equivalently, e S 5° ^. 

We claim that for a fixed e E 5°^, there is A G ^n,k such that st{ip{\)) = e and ne(A) = c if 
and only if < c < ne(e). To show the if part, one can choose a sequence ^ = (^i, . . . ,^n) with 
1 < < /ij if e, = 1, = 1 if ej = 0, and — 1) = c. Then Lemma 14.31 implies that 

$/((M, ^)) satisfies the requirements. Conversely, suppose A G n„^jt is such that st{ip{X)) = e. Let 
$-i(A) = (M',^')- Then the height /i. of each BE and SE step of M' satisfies 

/!■ < min{# zeros in (ei, . . . , ei_i), (# ones in (ej+i, . . . , e„)) + 1} = hi. 
Now, by Lemma 14.3^ 

ne{X) = Y^i^: - 1) < - 1) < - 1) = ^^(^)- 

The claim is proved. Back to the proof of Theorem 4.6, we have 



fn,k= 5](ne(e) + l)= iY.(^i - 1) + I) = E E^^-(^-^-l)( 

Set 

5'n,fc= E E^* ^^'^ Sn,k= E E^*' 



n — 1 
A;- 1 



where the inner sums are taken over all the indices i such that = 1. With this notation, 

fn,k=gn,k-{n-k-l)(^_^^. (4.9) 
The sequences gn,k and (7* ^ satisfy the following recurrence relations: 

gn,k = gn-l,k-l+ gn-2,k-l + {'"'- (4.10) 



n 

9n,k = Y3r,k- (4.11) 

r=k 

To see (j4.10p . note that if e„ = then (ei, e„_i) G S^.^ and M(e) is M(ei, e„_i) with 
one RE step appended, and if e„ = 1 then (e2, ...,e„_i) G Sn-2,k-i and M(e2, ...,e„_i) is obtained 
from M(e) by deleting the first NE and the last SE step. For (|4.1ip . if ei = • • • = er-i = 1 and 
€r = 0, then M{er, ■ ■ ■ , e^) is obtained from M{e) by deleting the first r — 1 BE steps at level 0. 
Substituting (HTTT) into gives 

n-l / 

n — 2 



5n,fc = ^ + (?^ - A;) I j . (4.12 



r=k—l 

Finally, by substituting gn,k from ()4.9p into ()4.12p and simplifying, we obtain ()4.8p . □ 
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Corollary 4.7. 

iHi/ ~ne I = 1, 1112/ ~ne | = 2 

|n„/~„e I = 2"-^(n2-5n + 22), n>3 

Proo/. Denote |n„/ ~ne I by F„. Using = fn,k, ([321), and (|T8l) . we get 

" /n — 2\ 

Fn = l + Fi + --- + Fn-i + Y,ik-'^)( . ) 

k=2 ^ ^ 

= Fi + • • • + + (n - 4)2"-3 + 2, n > 2. 

This yields the recurrence relation 

F„ = 2F„_i + (n - 3)2"-^ n>3 
with initial values Fi = 1 and F2 = 2, which has the solution 

Fn = 2"-^(n2 -5n + 22), n > 3. 

□ 

The following tables give the number of crossing/nesting-similarity classes on Iln,k for small n 
and k. 



crossing-similarity classes nesting-similarity classes 
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11 
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5 1 
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1 


11 


22 


16 


5 1 



The two equivalence relations and 

on set pS/rtitioiis circ not compO/tiblG. From tli© tOiblcs 

it is clear that 

is not a refinement of ^ne- 

On the other hand, let vr = {{1, 3}, {2, 4}, {5, 6}} 
and A = {{1, 3, 6}, {2, 4}, {5}}. It is easy to check that vr ~„e A, but vr T^cr A, as cr(7r) = 1 and 
cr(A) = 2. 

5 Generating function for crossings and nestings 

In this section we analyze the generating function 

for a given partition vr, and derive a continued fraction expansion for S-n{q,p, z). For this we work 
with the group G = Z © Z and a = (1,0), /3 = (0, 1). Fix a partition vr with k blocks. Define 
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Ea,i3{'^,l) = U^^i?o,/3(7r, /, m), i.e., Ea^p{'K,l) is the multiset of sequences seqa^p{^i) associated to 
the partitions ^ E T{tt,1). A recurrence analogous to (j2.9p holds. Namely, for / > 1 

E^^fsiX, I) = RaAEaA^^ ^ - 1)) U M(^,,^(A, / - 1)). (5.1) 

For simplicity we write Ei instead of ^'^^^(vr,?) when there is no confusion. Define bi^r to be the 
generating function of the multiset /^{Ei), i.e., 

where {x,y) £ foiEi) contributes to the sum above according to its multiplicity in fQ{Ei). By 
convention, let bi^riQ^p) = if f^iEi) = 0, or, one of l,r is negative. For simplicity we write bi^r for 
biAq,p). Note that bi^ = T.xer{n,i) and hence 

SAq,p,z)=Y,biflz'. (5.2) 
By the formulas (j5.ip . (j2.10p . and the proof of part (c) of Lemma |2.3|, we get 

r r 
t=0 t=0 

which leads to a recurrent relation for b^r- 

r r 

bl,r = &«-l,r-l + &«-l,r + (J] ~*)^«-l,r+l + (J] Q^P''~%-l,r ■ 

t=0 t=0 

Using the standard notation [r]q^p := '^qZp > '^^ can write this as 
Proposition 5.1. 

bl,r = k-l^r-l + (1 + [r + l]q^p)bl-i^r + [r + l]g^pbi^i^r+l- 

If the sequence associated to the partition vr is xiX2 ■ ■ ■ Xk, with Xi = uia + Vi(3, 1 < i < k, then 
^0,0 = ^7"^"^ 

bo,r = qU,^+-+u,,-{r-l)mpV,^+-+v,^-{r-l)v, fo^ r > 1. (5.3) 

l<n<-<«r<fc 

In particular, 69, r = if r > A:. 

Given / and s, nonnegative integers, consider the paths from (/,0) to (0,s) using steps (—1,0), 
(—1,1), and (-1,-1) which do not go below the x-axis. Each step (—1,0) ((—1,1), (-1,-1) 
respectively) starting at the line y = r has weight [r + 1]^^^ (1 + [r + l]q,p, 1, respectively). 
The weight w{M) of such a path M is defined to be the product of the weights of its steps. Let 
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Q,s = ^ w{M), where the sum is over all the paths M described above. Then from Proposition 15. II 
one has 

kfl = ^ Q,s&0 



0<s<A:-l 



Set ar = [r + l]g^p and Cr = [r + l]g^p + 1. By the well-known theory of continued fractions (see [3]), 
ci^s is equal to the coefficient in front of in 

K,{z) := j/'/iz)aozj/'/iz)a,z---j/'/{z) = ^{Qs-i{z)J{z) - Ps-i{z)) (5.4) 

where 



1- ChZ 



1 - Ch+lZ 



and is the A;-th convergent of J{z) := J 1^1 (z). Hence 

Theorem 5.2. Let tt be a partition with k blocks whose associated sequence is xiX2 ■ ■ - Xk, where 
Xi = UiU + Vi(3 for 1 < i < k. Then 

Sn{q,P,z)= ^ bo,sKs{z), 

0<s<k-l 

where 6o,s is given by the formula (15.30 . and Ks{z) is given by (15. 4p . 

In particular, when k = 1, i.e., vr is a partition with only one block, then 69,0 = 1 and 6^ = 
Q,0^0,0 = Q,o- Therefore 

Corollary 5.3. If \tt\ = 1, then 

S^{q,p,z) = 



1 - ([!],,, + l)z 



1 - ([2]g,p + 



Remark. Corollary 15.31 leads to a continued fraction expansion for the generating function of 
crossings and nestings over 11: Just taking vr to be the partition of {1}, and bearing in mind that 
we are counting the empty partition as well, we get 

q^'^Wp^'^Wz'' = l+zS{i}iq,p,z) 

n>0\eU„ 

= 1 + . (5.5) 

+ m z- 
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A different expansion was given in as 



n>0 AGn„ \ — Z ^— 



1 - (\2]„ + 1). - IsJh^ 



Tfie fractions ()5.6p and ()5.5p can be transformed into each another by applying twice the 
fohowing contraction formula for continued fraction, (for example, see jl]): 

Co CqCiZ 

= Co H 5 . 

1 1 ^ ^ ^ C2C3Z^ 

1 1 - (Cl + C2)Z K 

C2Z , / ^ ^ C4C5^ 
1 1-[C3 + C4)Z 
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